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fais work is an extension of the investigation which 


1 into the practicability of applying 


was first begun Oy Cain 
the prineiples of moment distribution to the selution of 
arened bents. Calin determined the fixed end moment, carry 
ever factor, and abaolnvate stiffness of priemutic puradbolle 
arches of 25! span for verlous riee/span ratios. flensen 

aud Jones” continued the work Oy investigating various 

spans anti fount that for prismatic parabolic arenes, & 
definite relationanip existed between these factora and 

the evan for a @lven rise/span ratio. sascontk® did similiar 
work on none-priematic perabolic arciies. 

The Object of this thesis was to investigate prismatic 
al nonepritmatic clroular arenes, to determing the fixed 
end monmgunt, carry over faetor, and adsolute stiffness for 
Suen arcier Saving «a rise/spun retio between 0.08 and 0,40, 
end to apply tie moment distribution methed of analysis to 


bente naving elther type ef circular aren as their top member. 


1Cain, B.i., Application of Moment vistribution to ~rcued 
Bonts, Tsosia, #.Pei., February, 1947, 

2hansen, Sein, and Jonea, h.., Betnoed of pypplication ef 
Sowment Tistribution to Jelution of sereaed Lente, Thesie, 
K.P.t., May, las, 

ascenlu, John, Netrued of Application of YVoment Listribution 

to the Solution of Arened Ments witr a Yarying Yoment 
of inertia, Thesis, &&.).i., May, 1945. 
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DEFIRITIORR OF SYMBOLS 


Lenmgtn of span in feat. 
Total lengts of are: in Feet. 


Vise in feet ~ distance from weoringing line to 
CTW « 


Yorigontal taruet ia Kips. 

Pixed end moment in kip feet at rignt springiny. 
Fixed end moment in kip leet at ieft springing. 
vertical rewetion in Kips. 


Cross gectional moment of inertia at any point 
along the arch. 


Crogse sectional moment of tnertia at the verewn 
or tne areh. 


Tho eagle Datwean tangent to working line of 
arch, and a line parelilel to springing line, 
equrl to 


Tie angle subtended oy timt portion af thea arch 
betwoen the crown and any point on ths aren. 


Increment of lomzt? &longz the serch, 
fotal horizontel deflaction of a point. 
Yetal vertical deflection ef a point. 
Total angwhar rotetion of a point. 


lopigantel deflection of a point due to bhe 
application of a unit horisentel force, 


Vertieal deflection of a point dwe to the 
application of a wnit vertical force. 


Norigonteal cgeflection of a point due to the 
application of a wilt vertienl forea,. 
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Vertical deflection of a point due to tite 
application of a unit horizontal force, 


Horizontal deflection of a point dae to the 
application of a wnit eonmant. 


Vertical deflection of a point due to the 
application of a unlt somnnt. 


Angular rotation of tie Somber at a poinb due 
te the apoiiesation of a unlit sement. 


AMguler rotation of the member at a point due 
t: the application of a unit vertical force. 


Amular rotation of the member at a point due to 
the application of a wnit horizontal force, 


fhe vertical distanee from the arch center to 
them neutral point. 


She horigental distance from tne vertical refe 
erence axis to the point of application of the 
unit losd, 


Tae angie subtended Gy, the are betwee: crown 
and load point. (sin” Aqp/®) 


Radius of aren measured in feet. 

Herigonteal reaction at tha neutral point. 
Vertieal reacbion at the neubrel pelint. 

Moment at tie noutral point. 

Lead point - polnt of application of tne loed, 


Tse angle subtendad by tle arc between the crow 
and toe right or left springing voint. 
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SLOW VORVORTION 


The carryeover fuctor is considered positive when the 
mioment applied at the hinged end preduces tension on the 
tep of the ares and the moment induced at the fixed end 


precuces tension om the botton of the aren, 


Positive tabuleted and pletted fixed end moments 
indieate tension on the top of the member at tne end 


considered, 


Tne Bomente considered in tw Wowment Uistribution 
Beteod are all internal moments or in other words, the 
moment exertetl by the member on the joint. If tne end 
of the member tends to rotate the joint in a clockwise 
Girection, tre Internal moment is considered to be 


post tive. 
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insrovuesion 

Tt Le & wall known fact thet indeterminate rigid frases 
may be solved by the method of @eemant dietribution provided 
the constents (a) etiffness at each end, (b)} fixed-end 
moments at erehn end, and (¢) carry-over factor at encn ani, 
are knewn fer each wmeubver Beking wp the Prune. 

Curves giving the required consatante ror nonepriamatic 
members having one edge atralgnt have been availabia to 
desiznora for some time; nowever, Lo Une xaowledse to toe 
authors, mo suc. cumplete information as bee mace nvall~ 
able on prismatic and nomepriematic clreular urchec membeora. 

Tm tnie thesis, the constants required for a solution 
by moment distribution mave been determined ror prismatic 
Cirevlar arched members, and for noneprismatie clreular 
arched members naving rise/span ratios of 0.64, 0.08, 0.24, 
0,30, and 0.40. 

Tre exact formula Por easeh of the constants waa 
ferivad in terme of the geometrical enaractertiatios cf the 
aren, and the relations'iiip between these conatante ands the 
spen for toe seme rise/span ratio was deterained., The solue 
tian of the derived formulas for an eren baving a span of 


one Leat provided data fer curves from enich tee required 
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vsonatante for circular arched meavbers of any span having rise/ 
span ration within the range of 0,04 to 0.40 can be ceteruined,. 

Tae metood of analysis used to cerive the formula for 
fized end moment is a cowolnation of The Conjinygate ftrusture 
Metued amt the Neutral Foint Yetaed. The General Setned and 
the theory of Virtual Cork were veed to derive formulas for 
Carrysover Tactor, Bmosclute stirrnuess end tine effect of 
SPO al. s 

Tee .onjugate watructure Vetnoj wan developed by J. Jtere 
ling Kinney, lrefesser of structural Yngineering, R.F.I., Trey, 
Sow Tork, The principles cf the method are as followa: 

"(1) The conjugate structure, for a given real structure, 
is identical to the real structure with regaré to the Lengths 
of the @amberea and their relative pesitian. 

(2) Whe conjugate structure ie positioned in a sorlzone 
tal piane. 

(3) he loed, which sete in a vertieal Ulrection on the 
conjugate strueture, ie tue M/8I d@legran of the real structure, 
that is, te conjugate structure Le loaded with the Tlexural 


al 


Strains of the real structure, 

(#) (£ tee Ploesural strain at a glven section of the real 
gtructure is such ag to caugso tension on tre outside flbers, 
tien this Plexural strain 18 representad as a gewiward load 
oy the gonjugate strueture,. If compression exists on the 


ontelde flbere of the real structure, tha load on the corres~ 


pomling wection of the conjugate structure ise up. 


~~ — 

















Wh ott = (6 b eee cee Celle oe) 
aa «£ =f *, @ el % Geer ay arte ele ew 
ww) ties o's ores © e145 wy 


- ——aee Ge > iter ieees 2 6) See - > 





6 — ee ie Dares ee pee 
ae. ee See owe Oe FSIS > Oe 
» maha om afl coe Coe jp) 
a .) @ Oe ter” oo - ate “ 
er ll. rr ey © ce ery 
(peel en oe fer te ae eee ety eg Ot -_-— re 
eer Cee ee eS pee ee oe (ai 
ee ee ee Le ee us deer 
tee alte ee vlee bee ome ot 
ee te eee le © peer eee OF ie) 
ome 
— elmer peeow + | pes eye ,i a in 
” wt) tieey ie © eel s) ,¢\. sve 
we ee SP eke’ fee anete oe Ju 
-—— ote lee Fe Te eee 
= = Vet ee eel, ee ete Lec ee We gel 
ome deem sel te eles ee 4 eee — 
Ce “Cee? of 1s Caterers oe (levee a 
Fe ae Oe, 1° A) ee tke oe 
—ee oe et he (ee ee er 2 ee 


¥ 
oo °) oe" Lee <8! YS mie Cy 
4 











a? a 


(5S) Phe conjugate structure, under the action of the 
reki structure flexuvrel straing as leads and the renetions 
of tne conjugate etructure, must satisfy three equilibrium 
condition equations, specifleally: 

2 My 3 O 
2 By 2 0 
ZV a A 

(8) The shear at any section of the cenjugate structure 
is tee slope of the correspending section of tie real satruce 
CUI" e 

(7} Tee internal moment on any section af tne conjugate 
atructure Ls tha deflection of the ecorreapoendliug section of 
t@ real etructure in a direction perpendicular to thie lever 
arm used to find any particular nowment. 

(8) The end of the conjugate structure corresponding 
to tne omit of the real structure whien suffers deflection 
Qlwaye has a Claxaed support. 

(2) if the moment at any gection of the conjugate struce 
ture results in temsion on tha top rloer, the vertical dee 
flesticon at ti corresponding section of the real structure 
is down and the norigontal deflection ia suen as to snorten 
the horigontal projection of toe adletance between given 
pointe in the real structure, 

(10) If a aection be passed through any point of tne 
conjugate strecture @ni if tne portion of the conjugate 


Structure to tne right of the suction tends to move up, 
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With reepest to te part on the Left of the section, then 
the rotation ef the correaponding seetion of tha real atruce 
ture 18 clockwise.” 

{Tt shovnld be peinmted out that in this thesile an alastic 
Area, Whose Width at euy point ia L/LI sor tie corresponding 
section of the real atructure, was owlit up and loaded with 
an intensity equel to the Moment at tne corresponding section 
on tid cub Oeck structure. The product of tne load Intenaity 


tte 


# and the differential slastic area da/#i gives the differen. 
tial elastic load om lemetn de of the conjugate structure. 
Thin metnedc providea for @ bet ter oLetorial representation 
of tie integration fer the mon-prismatic arch since wa do 


not have to modify the load intensity by 1/AI. 


EA asi) ba igs AA. Ta 
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By locating the centroid (esllad the Reutral Point) of 
the elastic aren, eantilevertns tne arch out from the risht 
end, ami connecting the Mantral Foint (H.F.) to the left end 
by a Weightless rigid praczet, we cam obtuin the deflections 
—_ Dans end Xp, as caused by agplying individually al kip 
vertical force, 9 1 Kip horizontal foree, and a i foot kip 
couple st the &.P. We can also ovalwuate, »y principles of the 
conjugate structure methed, the deflecticna A, AW ani 8 
at the WP. a8 caused by a 1 kip vertical load placed at any 
point on the &a&reh. 


from the thecries of the Neutral Point Method, the reme- 


“Indeterminate Structures" - J. Sterling Kinney, Ausuat 1949 
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Sheuld the value cf a reaction come out negative, this 
indieabes that the direction of the reaction ia oppeslte to 
the direetion cf tre corresponding unit ferce or couple 
applied at the R.F. 

Sy applying the reactions at the ReP. and Using the alien 
gonvention shown below: 
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A&A positive value of moment inoaicates tenalon eon tne 


top of toe arch. 
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To avold repetition, tie procedure for the determination 
of these factors is explained on following pages alon:; with 
the development of the formulas for thelr values. 

Gample calculations for tne determination of the fined 
emd moments, vortical shear, norisontul resections, carry-over 
feeter, abeolute atiffness and reuctions due to spread are 
shown for prismatic archea in Appendix "A", and for none 
prismatic arches in appendix *S", 

Vaunlated resulte, wlth all values expressed in terns 
oS the spen length in feet, are shown om pages 56 and 57 
fer primwtic arches and on pages 65 and 66 Tor non= 


pPriematic arches. 
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Althougn the term N, aces not appear in the moment 
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solution of an é@rened Gent by moment distribution since 
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the ends of the aren resulting from the applied moments 
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momenta, tne X...°. mey be determined by Hy, = (U1 )M,y. 
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Since tie defleetion condition equations (1), (2) 
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Sines the adsolute stiffness in defined as the momert 
required to produce unit rotation (1 radian) of the ninged 
end of a member whose far end la rigidly fixed, tne absoe- 
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from Page 14 it is seen that & at amy point due to 
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Cutting the aren at the left apringing and applying 
redundante Mg, Vg and i, at that point, the deflections 
at wie Left end will be as follows: 
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9 obtain the earryeover factor we uluge tre ares. at 
the lefts and, set equations (4) and (5) equal two sere and 
solve simultaneously for Vg amd N, in verme of Mg. Then 
by taking somonts at the fixed end, Wy, can be expressed as 
the carry-over Cactor times My. 
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nonepriamatic erches the deflections for noneprismatic erches 
will vary with span in the same ratio as do tne ceflections 
for the prismatic arch (See Page 24 ). 
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Sinee the teflections for the non=«priematie ereh vary 
With apen in the awne ratio as do the deflectiongs ror the 
prismatic aren, the equation for the abaelute stlitnase for 
Ares 2 written in terms of the sosolute stiffnuse for zren 1 
is in form tha seme as tive equation om Page 26 . 
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Simce Vg ¢ 0, the equations for M,, and Hg in terma of 
apresd A\ y will take the seme Porm as the ejyueatlons on 
Pages 2722. 
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Since the defluctions for the noneprismatic arch vary 
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in thie thesis, wo have presented data in sooth curve 
and teadular form thet will enable an engineer to solve any 
elireular arened bent, the arched se@ber oF whien 

(a) ae a riee/span ratio veatween 0,04 Git U.45, 

(mo) is of conetant soment of inertia or, 

{eo} ia of varying mowent of inertia, provised tie moment 
of inertia at amy point is equal to toe "17 at ta 
erown times the secant of tne angle fored by we 
tasyrent to tie center line of the aren &8t tus polat 
in question and a line parellel to tee springing line. 

“Pixed-endemoment” influence linea nave been plotted 
by using the xomente as caused by concentrated loads, OF 
taking a susenmtion cf the ordinates of tho influence lines, 
ecooffictents nave been determined Sor Pormilas expressily: 
tye fixed-end-sement aa caused by 8 complote unlform loads 
therefore, the arches may be salved for eltmer concantrated 
or vunifers loade, 

Srould tne designer desire toe required Cseetore tu a 
degree cf accuracy greater tran is avallable from tee curven, 


exact Carmulas thut will yleld tue Pectors are provided. aA 
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P.ae8. Is directly proportional to span, 
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The carry over factor is (+) .b400 
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Assuming rotation of tho joints only, solve for the 


moments at all foints by gpowment distribution. 
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(* ; i AL ys 
£ D 382) |=. GE HES Hie 9 
aa 
nated a i =. 389 SUES tS ( 
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74.59 *2.38 46,12 +6.12 oo, 1h 
76h +H Uh *e.8¢ 43,3 
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recora of tne balancing moments taken by the areh must 
be kept in order that the horplaontal restraining ferce at the 
ends bf the arched mesber may Do detereiaed. URe mapnalitadce 
of this restraining fores depends on tne properties of the 
arch under consideration. 
Tse revilred horigontal reetraininy foreés at toa ends 


of the arch are ate wo of tee Collowln« ¢amponente: 
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(1) Theat fores nweessary to restrain the morigontal 
thrust at toe ehda of the arch caused by a load on 
the areh or cagged by the tendency of the arch to 
spread, 

(2) That force necessary to restrain the horisontal 
tnrust at the enda of the arch a8 C&usedi voy Lhe 
Salancing somontsa. 

(3) That fores necessery to balance tue siears in 
the column members, 

(4) Yreat force necessary to prevent slidesway wien 
&® horisental lead Ls applied to the bent. 

Valac the glen convention cf womaent distribution, a 
positive balancing moment at tue left opringing causes oorle 
fZontel reatraininy forces at the two enda of tie arch acting 
im Girectionsa away from eaon cther. « positive balancing 
moment at the rignt springing causes equal horizontal 


reetraining foreea acting in ablrections toward each other, 
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The artificial joint restraints (a/R) required to pre- 
vent the original bent from deflectin, dune to aldeawar or 
spread are aqual to tho neorizgontal rastrainings forces at the 


ends of the arch. (8 —s # #1084 See Faso 57) 


HRF Cauped bys URE . Ati 
(a) Load on arch (4)8.20 (= 360% 


fo) Galanelng Sewant at 5 
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Assume a spread of 1000/41 feet, sllowlng no joint rotation. 
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The following reactions at the ends or the arch result 


from the above spread of 1000! 
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vi = (4)81,.150 


Tne above moments indicate tension on tne top side, hence 
for moment distribution sign conventions 
wi a (4)G1.1301 ft.c. why = (-)51.1501 ft.k. 
The moments induced in tne ends of the column members are 
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Polving for moments at the joints cseused by the asa med 
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Te consistent joint force (CdJP) rayuired at & ami u to 
@aintain the assumed spread must equal tne vorigontal re- 


strainithne forces @&t 4 and C, 
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(4) Salancing sowent et joint c 
(G.21084) (39.41) - 2.21 ~ 8.51 


(4) Gheae in member A 17-74 $ 27.99 adoe"5 . 2,09 





oi} at) 
a 197 97 & = - 
(5) Shear in weeber 6c 17.74 a - 2 2.99 
ran 








Cig, 16.40" 16.40% 
















ee 
—-. a — — a. 
a ile le. —e- 
aviweia: | 
vw 


4 
teen 4 jw mane : 
rer | Pee Sle a ona Sean or 
Th Se =. 


ee Z 


met li we 
~~ oe ee od Sue sm Beery Rewed 
















2 Games 
tm 6 
















| i= 













oe yey te naeet 
-_ — a - = 
a ee atti 
a ey Pe rae 
R4- ma haunted (710 : 


ora = Gye = SY a meee pe 
mat o Telt ped o =e 
a ee 





wy 
=~ » ~ 


Since a consistent joint force of 16.40% at each ond of 
the arch acting away from each otaer will produce the assumed 


spread of 1000 ft., and since an artificial joint restraint of 


6.875 kips was required to restrain the oririnal structure 
from spreading under the action of the 10 Kip vertical load, 


the actual spread will cause moments at tne various joints 
equal to 


AJR Sp | 6 3? % 
re for 1000) « Eee? x ~-#LO2 K,. 
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Assume a sideaway of 1000 feet to the left. 
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The moments induced in the colurm members as a result 
of the assumed sidesway oausls 
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Solving fer the moments at tne Joints caused py tne 
assumeg sidesaway. 
olnt A 3B ms G 2) 
rember AS A RC _ JC 
x O.2 0.2 0,0843 0.08% 0.2 0.22 
BALAAL LAG 
= MURaANTS 
ws | Q 0.342 «GG. 68 0.658 0.542 0 
Cor 0 4+ 90,5 -0,5459 ~(), 2489 -0.64394 0.5 6 
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¢ 2.57 $¢ 5.15 + G87 4+ 9.87 ~ 3.44 
= Ay Po 12.10 Fivele + 6.3) + Sinn LS 
& 0.76 Le 4D - 2.78 - Bett = 0.27 
« Gere ¢ 0.54 % 0.64 ¢ 0.95 ¢ 0.17 
4+ 0.04 + 0.06 $¢ 0.14 4+ 0.14 
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The consistent joint force (CUJF) required at 3 and C to 


maintain the assumed sidesway must enual the Norizontal re- 


strainin:s forees at 3 a@nd co. 
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iilte oamsed by: HEP, 
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(2) talancing Moment at Joint C 
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(4) shear in Member CD 11.67 4 4.66 
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Since a censistent joilht frores vf 1.90 wips et each end 
of the arch acting towarg tue left will proance the aseuped 


sideeway of L000 feet, and since as artificial jeint restraint 
obo 

of 1.8205 “ips wae required to prevent sidesway in the original 

structure aiter tiem action of tlw 160 & vertieal load, ‘the 

actual eldesway will cmuse sigvements at tie various joints 

equal Lo 
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FOR A MOM-PRIQMATIC HBeWt (I, = I,8ece@) 





fe application of the method of moment distri>vution to 
the none-prismetic is the same as for the prismatic. fhis 
probles is worked primarily to siow the relative values of 
moments and reactions developed under the samo loading on a 
bent whose rise to span ratio and qteenit dimensions are the 
same as for the prismatic aren bent but waese Ionow,, 18 equal 


to tne lord smatic multiplied by cose, =< I x .72415 


Pron Curves: 
Me = (-).0601 x 10" x 201 » (-)12.02 ft.k. 


wl = (+).0259 x 10 x 20 » ($)4.76 ft.k. 


 « 8943 x 10 - 8.945 k —— 
Me = -8343 x 10 2 0.945 km 
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Tne artifieital jeint restraints: SE? ss 
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Assuming a spread of 1000/M feet, ellowing no joint 


rotation. 





®he followlnsg reactions result at ihe area enca. 
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